Introduction.
It is the purpose of this note to generalize several related results in the theory of numbers due to E. Cohen. In particular, Theorem 1 of this paper contains as special cases Theorems 2.1, 3.1, and 4.1 of [2] . A corollary of Theorem 1 gives an estimate for the enumerative function 7V(x) =■ zZ^ i^-=r=x, rEN) of certain integer sequences N.
Let k denote a fixed integer ^2, and denote by Lk the set of all integers r>0 each prime divisor of which has multiplicity^&. The integer 1 is taken to be in Lk for every k. For integral r>0, Pt(r) is defined to be the largest divisor of r in Lk. In §3 Theorem 1 is applied to a discussion of the sequence of integers r for which Pi(r) has specified properties.
If r = p'// ■ • ■ p% is the canonical factorization of r and if the function A is defined by
then a consequence of this discussion in the case k = 2 is the formula 6 ^ hir) (2) <*(«)=-£ ^X 2 4(,)_n *M for the density din) of the sequence D" consisting of all r>0 for which A(r) =ra. In this formula l2 is the characteristic function of L2, i.e., l2ir) = l or 0 according as rELz or rE-^2, ^ir) is Dedekind's ■^-function defined by (6) , and the summation is over all r for which A(r)=ra. The sequence D" was originally studied by A. Renyi [5] who showed that (3) £ din)r = -ln(l + . , ' --), I f I < 2.
In §3 a generalization of this formula will be indicated. For a discussion of the sequence Dn and a derivation of (3) from a statistical point of view see Kac's book [4] . It is interesting to note that, contrary to Kac's remark, the rather elegant explicit formula (2) for the density din) can be obtained.
For further applications of Theorem 1 the reader is referred to [6] .
2. Main results. For this section the following notation will be adopted: Z will denote the set of all positive integers; A and B are subsets of Z; S, T, and U, sets of complex numbers;/and g, functions from ZXZ to the complex numbers; and p, a function from Z to the complex numbers. The O-estimates of this section and the next are intended for all x sufficiently large. Lemma 1. Let sets B, T, U and functions f and g be given. Denote by j8 the characteristic function of B. Assume that there exist non-negative functions K and M and numbers 5 and e with e ^ 0 and 1 > 8 2:0 such
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Then for any a^O^y
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The proof is straightforward; details are given in [6] . A special case of Lemma 1 merits mention.
Corollary.
(f(r, n)=g(r, n) = (r, n); T=U= {l}.) If
r£x; (r,n)-1 with 0 :£ 8 < 1, OsSe, then for any a ^ 0
The principal result of this paper is the following theorem whose proof on the basis of Lemma 1 is completely analogous to the proof of Cpoix, S) = x zZ -+ O(Pp0(x, S)xs log* x).
rsi;re^l;p(r)eS »"
Moreover, if zZ^ir)/r irEA, pir)ES) converges and RPoix, S) =0(x() for some t<8, then the density of the set of all r such that fiair), bir))ET and piair))ES is given by zZK(r)/r irEA, pir)ES).
3. An application. Corollary 1.1 appears to be limited in scope. Nevertheless, when it is applicable it provides a convenient tool for studying the sequence of integers r for which a(r) has a given property. One such application will be indicated here.
For integral k ^ 2 let Qk denote the set of all r > 0 such that each prime factor of r has multiplicity <k. The integers in Qk will be called jfe-free integers. The integer 1 is taken to be &-free for every k. Clearly, every positive integer r is uniquely factorable in the form Take p(r)=r, S = Z, a=l. Since CMO is the largest unitary fe-free divisor of r, i.e., the largest &-free divisor of r which is relatively prime to its conjugate divisor, we obtain Corollary 2.1. In Theorem 2 put S= {ra}, ra integral, «2;0 and let p=A, where A is defined in the introduction.
Then with a = 0 we get n-0 fW P \ P -1 P -2/ for |z| <2. This result follows from a more general theorem concerning the factorization of power series into infinite products over primes [6, Theorems 1 and 3] . This topic will be treated in a later paper.
